
VOL. 27, NO. 12, DECEMBER 1989 AIAA JOURNAL 1761

Approximations for Nonequilibrium Hypervelocity Aerodynamics

R. J. Stalker*
University of Queensland, Brisbane, Australia

The exponential term in the expression for the forward reaction rate in a nonequilibrium dissociating gas has
been exploited to produce three simplified, approximate concepts that assist in understanding the effects of
nonequilibrium in hypervelocity flows. The concepts are as follows: a constant-temperature approximation, the
thermodynaniic decoupling of the temperature, and pressure-gradient reaction quenching. These concepts are seen
to allow satisfactory prediction of shock standoff on a sphere, the growth of shock detachment on a wedge, the
variation of shock standoff on a delta wing, and the shock-layer density profile downstream of a curved shock. The
mechanism underlying the constant-temperature approximation also makes it possible to develop a second-order
theory of nearly constant-pressure flows, which is used to predict the nonequilibrium center-of-pressure shift on
wedges and delta wings
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Nomenclature
sphere radius
crossflow velocity factor
reaction constant, Eq. (1)
dissociation energy per unit mass
enthalpy per unit mass
reaction constant (density)
chord length
pitching moment
pre-exponential temperature index
pressure
pressure change after plane or conical
shock
shock shape change — induced pressure
reaction-induced surface pressure
change
velocity along streamline
nose radius
shock radius of curvature
distance from shock along streamlines
reduced temperature = ©J1.* actual
temperature
reduced quench temperature
mainstream velocity
wedge face length; spanwise velocity
distance from leading edge
distance for wave reflection cycle
conical coordinates
coordinate normal to reference plane
constant density value of y
shock coordinate
change in y due to reactions
conical part of Aj
nonconical part of A>>
degree of dissociation
angle between surface normal and main-
stream
wedge semivertex angle

= shock standoff distance
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Subscripts
b
oo
0

inverse shock density ratio
forward center-of-pressure shift
characteristic temperature for dissociation
wave angle in shock layer
binary scaling variable, Eq. (2)
density
characteristic dissociation density
density at distance s
frozen reaction length
angle between shock and mainstream
angle between normal to reference plane
and mainstream
(P/P0-1)

= dissociation rate at the shock

surface
upstream
at the shock

Introduction

THE flowfields associated with hypervelocity flight are
characterized by the appearance of real-gas effects due to

molecular dissociation of air, and these do not always take
place with the air in dissociative chemical equilibrium. In fact,
dissociative nonequilibrium prevails for substantial regions of
the flow about most flight vehicles, and for re-entry gliders in
particular, it applies over most of the flowfield.

This may be demonstrated by taking a shock inclined at
40 deg as representative of those preceding most of the flow-
field about a re-entry glider, and determining the altitudes and
velocities at which chemical freezing or equilibrium, respec-
tively, will occur in distances comparable to a typical vehicle
dimension. As shown in Fig. 1, this leads to two boundaries
on a velocity-altitude diagram. Above the upper boundary,
reactions are so slow that no significant effect takes place
within 1 m of the shock, implying that the flow is, in effect,
"frozen" arid behaves as a perfect gas. Below the lower
boundary, reactions are so fast that equilibrium is achieved
within 1 m of the shock, and the flow behaves as an equi-
librium real gas. The figure shows a typical trajectory for a
re-entry glider, and it can be seen that it flies in the nonequi-
librium regime between the two boundaries.

This paper deals with nonequilibrium phenomema in invis-
cid flows, phenomena that influence features such as the shock
location upstream of a blunt body or a wing, the inviscid
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and the equation of state are written, respectively, as

h =Z){(4 + a)r + a) (4)

/? = Z>p7Xl+a) (5)

Thus, since the stagnation enthalpy h + 0.5 q2 is constant
along streamlines, and the momentum equation is

0 4 8 12
u^ (km. s."1 )

Fig. 1 Nonequilibrium regime in hypervelocity flight.

shock detachment on a wedge or in a corner such as a wing
root, the density and velocity field far downstream of a blunt
nose, and the pitching moment on a lifting surface. Such
influences are quantified here by taking an approximate ana-
lytical approach, in which the following assumptions are
made:

1) Backward reaction rates may be neglected for highly
nonequilibrium flows. This is justified by noting that equi-
librium is achieved by recombination rates rising to values
such that they match the dissociation rates. The ratio between
the two rates is directly dependent on the density, which
decreases with increasing altitude. Therefore, the wide separa-
tion between the frozen and equilibrium boundaries in Fig. 1
implies that dissociation reactions are dominant over most of
the nonequilibrium region.

2) The gas may be adequately represented by the Lighthill-
Freeman1 model of an ideal dissociating gas. This model
provides a good quantitative representation of nitrogen and
oxygen alone and a good qualitative representation of air,
even when nitric oxide is formed.

3) Only the flow downstream of a strong shock need be
considered, since a strong shock usually will be needed in
order to give rise to real-gas effects. The shock could be a bow
shock, as for a re-entry glider, or a local shock, as at the
leading edge of a fin on a slender acceleration vehicle.

This approximate approach leads to simplified, tractable
models that, it is hoped, make the dominant phenomena
apparent.

Analysis
For an ideal dissociating gas, the equation for the rate at

which the gas dissociates in passing along a streamline after
crossing a shock is written as

da
—

Putting

= pq~lds

this becomes

(1)

(2)

(3)

dp dq

it follows that, along streamlines,

~l-f, (6)

Constant-Pressure Flow
If the pressure remains constant along a streamline after a

shock, then Eq. (6) becomes

and combining this with Eq. (3) yields

— = -c ~n(\ r>n- V4 }-1 r-r-h

Taking T ^ 1, and integrating by parts, Eq. (8) becomes

exp(J~1 + 2 tn T) — exp(T~l + 2 tn T0)

= CT-»(l + T)(l - 2r)(l - a)(4 + a) - ̂  (9)

where a term

-cfJ£ = o

where, as noted, the recombination term has been neglected.
Also, the enthalpy per unit mass of an ideal dissociating gas

has been neglected because, as shown in Ref. 2, it is only of
the order of T in comparison with the left-hand side of Eq.
(9).

At normal flight densities, the neglect of T is justified by
noting that it is only of the order of 10"1. However, Eq. (3)
indicates that dissociation will take place at any temperature,
no matter how low, provided that £ is large enough. Thus, in
principle, T can be made as small as needed in order to make
the approximation valid, although it should be understood
that the associated physical flow then will be of extremely
large scale and that, in order that the assumption of no
recombination be valid, the densities will be very low.

Equation (2) is compared with exact numerical solutions in
Fig. 2a for some examples with zero dissociation at the shock.
In order to ensure that the exact solutions correctly repre-
sented the behavior of an ideal dissociating gas for large
values of f, the backward reaction term was included in the
rate equation.1 The equilibrium values of the dissociation
fraction, which are achieved for C£ somewhat in excess of
1000, are also shown on the curves, as an indication of the
range of dissociation levels covered. It can be seen that Eq. (9)
yields a reasonably accurate estimate of the temperature,
particularly at the lower temperatures associated with high
values of C£. Of course, the level of accuracy will deteriorate
again at very high values of C£ as the exact curves approach
their equilibrium values, but this does not happen within the
range of C£ covered in Fig. 2a.

There are two features of Fig. 2a that are particularly worth
noting. The first is that, over any decade of £, there is not a
large variation in T. It must be admitted that it may be
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T2expT~1-T0
2expT0

1 = (1+T)(1-2T)(1-a)(4+ar 1(cr nC)-
4T2expT1 = (1+T)(1-2T)(Crn!) ——————

1000

Fig. 2 Constant-pressure dissociation.

necessary to stretch the point somewhat in order to apply it to
all of the curve for T0 = 0.3, since there are parts of that curve
where the variation of T over one decade is as much as 50%
of the mean value. However, it is clear that for the lower
values of T, with which this work is concerned, this is an
acceptable statement.

The reason for this effect lies in the strong exponential term
in Eq. (8). Because Tis small, a small increase in Twill cause
a strong increase in dT/d£. Since T decreases monotonically
with increasing £, values of the temperature gradient, dr/d^,
which are large in relation to other values in the zone of
interest are only possible close to the shock. Thus, T can only
increase significantly near the shock, and therefore it must be
approximately constant over most of the distance downstream
of the shock.

The second feature is that the curves of Fig. 2a converge as
C£ increases, indicating that T then becomes approximately
independent of the temperature at the shock. Because T <^ 1,
the first term on the left-hand side of the equation rapidly
becomes greater than the second term as T falls, and there-
fore, sufficiently far from the shock, the second term may be
neglected. Then, assuming that a <^ 1, Eq. (9) becomes

4 exp(J-1 + 2 tn T) = (1 + T)( 1 - 2T)CT~ (10)

i.e., Tis a function only of ^. Equation (10) is compared with
the exact solutions in Fig. 2b. It can be seen that it predicts
the temperature very well when the dissociation levels are not
too high, but as values of T0 increase, the correspondingly
increasing values of a in the region of interest cause Eq. (iO)
to become increasingly approximate. Thus, Eq. (10) should be
used only for values of a that are not too close to unity.

Now, using Eq. (5), £ can be written as

= f
Jo

( i i )

For the strong hypersonic shocks that are considered here,

from which, using the constant-temperature approximation
(which also implies constant a), Eq (11) becomes

(12)

The only factor in this relation that is affected by the
streamline enthalpy is the one involving a. Now, variation in

high h

low h

(a) Ef fect of streamline enthalpy
— constant pressure

' — contribution
dx

/— contribution
dx

(b) E f f e c t of pressure g rad ien t

Fig. 3 Decay of reaction rate.

(1 + a) can only change £ by a factor of 2, and the constant-
temperature approximation implies that such a variation has
only a weak effect on the value of T. Thus, for the purpose of
determining T9 £ is effectively independent of the streamline
enthalpy for any value of a. That is, determination of the
temperature is decoupled from the thermodynamics of the
flow.

This can be compared with perfect-gas flows, where the
streamline enthalpy determines the temperature. For nonequi-
librium real-gas flows, the binary scaling variable £ plays that
role.

The reason for this can be seen by referring to Fig. 3a.
When the streamline enthalpy is raised from one level to a
higher one, the temperature at the shock is increased, but by
virtue of the exponential term in Eq. (8), the reaction rate is
greatly enhanced. This ensures that the temperature falls very
rapidly along the streamline and, therefore, that it quickly
returns to values associated with the lower enthalpy within a
short distance from the shock. Essentially, the reaction pro-
cesses initially take place at a much higher rate than the flow
processes, but the strong exponential term ensures that the
reaction rate is driven down until it matches the flow
processes.

Each of the constant-temperature approximations and ther-
modynamic decoupling effects offers a means of making
simple approximate calculations of nonequilibrium real-gas
flows. Some examples of such calculations follows.

Constant-Temperature Approximation
Shock Standoff on a Sphere

The pressure in the shock layer on a sphere varies as cos2/?,
and therefore the flow sufficiently close to the stagnation point
may be regarded as a constant-pressure one. The constant-
temperature approximation then implies that the density may
be taken to be approximately constant within the shock layer
and the shock standoff distance calculated by using the rela-
tion for constant-density flow presented in Ref. 3, i.e.,

/fl = 0.78 p (13)

Determination of ps requires determination of T, which
requires selection of an appropriate value of £. Since the sonic
point at the shock occurs near /? = 30 deg, the arc length
corresponding to ($ — 15 deg is a suitable value of 5, whilst the
velocity can be taken as the value immediately downstream of
the normal shock. Using the density at the shock, a rough
estimate of £ then can be substituted into Eq. (9) and, with
a = a0, a preliminary estimate of temperature can be ob-
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tained. This can be combined with a new dissociation level,
obtained from this temperature and the stagnation streamline
enthalpy, and with the Newtonian pressure, to obtain a better
estimate of density. If desired, the cycle can be repeated to
improve the estimate further, before the final value is then
substituted into Eq. (13) to obtain the shock standoff.

Calculations using this method are compared in Fig. 4 with
results of computational simulations for dissociating nitrogen.
The computations were performed by Hornung3 and em-
ployed a reaction model in which nitrogen molecules and
nitrogen atoms were treated separately as dissociation colli-
sion partners. The present calculations were performed with
n = 1.5, predominantly representing the nitrogen molecules,
and are seen to produce standoff values that generally are
within 10% of the computed values. Lowering the value of n
would tend to provide better representation of atoms as
collision partners and would produce closer agreement with
the computational simulations at the higher values of Q,
where more atoms are present.

Shock Detachment on a Wedge
As the vertex angle of a two-dimensional wedge is in-

creased, a point is reached at which the shock detaches and,
with further increase in the wedge angle, moves upstream of
the vertex of the wedge. This effect is sensitive to the shock-
layer-to-freestream density ratio and therefore is subject to
real-gas effects. Since the detached flowfield tends to be
dominated by a strong, approximately normal shock, the
subsonic region downstream of that shock approximates to a
constant-pressure flow, and the constant-temperature approx-
imation will again apply.

In Fig. 5, calculations of shock detachment for nitrogen are
compared with experimental results obtained by Hornung and
Smith.4 The value of £ for the calculations was obtained by
using u^ cos<5 for the shock-layer velocity, putting
s = 0.5 w = 25 mm, and taking the density at the shock wave.
Then, as in the previous calculations, a brief iteration was
used to obtain the shocklayer temperature. Since the shock is
normal or nearly normal in the detachment region, the
streamline enthalpy was taken as that for a normal shock, and
this yielded the dissociation fraction. By referring to the
normal shock density ratio, the shock-layer density ratio then
could be obtained.

The shock detachment was obtained by using experimental
results for argon, obtained at a Mach number of 16, which are
also shown in Fig. 5. These results were used to predict
nitrogen shock detachment by employing the three-dimen-
sional blunt-body transformations of Ref. 5, i.e., by equating

the values of
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T2exp(T1) - T0
2exp(To1) = (1+T)(1-2T)(1-a)(4+ar1(CT'1-50 —— ©

Fig. 4 Standoff distance on sphere.

respectively, between the two flows.
As seen in the figure, the resulting prediction of shock

detachment is close to the experimental values, except near
detachment. There, the small scale of the detachment region is
expected to change the effective value of £. Predictions of
detachment for a perfect gas with a ratio of specific heats of
1.4 and for an equilibrium real gas also are shown. The
nonequilibrium detachment is well removed from either of
these two extremes.

Thermodynamic Decoupling
Equations (10) and (12) have been used to argue that,

because £ is only weakly dependent on the streamline en-
thalpy, T is independent of the flow thermodynamics. This
argument can be carried further by noting, from Eq. (12), that
substantial variations in u^ and (/> may take place without
altering the order of magnitude of £ and therefore, from Eq.
(1), without significantly altering T. This implies that the
temperature is approximately independent of the shock angle
and flight speed.

As a test of this conclusion, some experimental measure-
ments of shock standoff at the midplane of delta wings in air
are presented in Fig. 6. While the reactions involving nitric
oxide make the chemistry of air somewhat more complicated
than that of an ideal dissociating gas, the net dissociation
rates at the temperatures of interest in suborbital flight yield
effects that are not dissimilar to the dissociation of pure
oxygen, and so thermodynamic decoupling of the temperature
also is expected for air.

Figure 6a shows the effect of varying the shock angle of
incidence of the wing at a fixed stagnation enthalpy.6 It is seen
that when the measured shock standoff at /? = 50 deg is used
as a reference condition, the constant-temperature assumption
can be used to make a satisfactory prediction of shock
standoff at all other values of jS. As a matter of interest, this
is compared with the shock standoff variation for a perfect
gas, where the shock-layer density, rather than the tempera-
ture, is constant, and this is seen to produce a distinctly
different result.

Figure 6b shows the effect of varying the flight speed by
varying the flow stagnation enthalpy. The constant-tempera-
ture curve employed the same reference condition as in Fig. 6a

Argon
——— Exptl fit
Nitrogen

Perfect gas
Non-equil.

——— Equil.

A
w

Expt.
Nitrogen
Argon

30 40 50
8C)

60 70

Fig. 5 Shock detachment on a wedge (nitrogen test
w^ = 5.5 km s"1, POO = 0.0026 kg m~3, a^ = 0.1, Mach no. 7.5).



DECEMBER 1989 NONEQUILIBRIUM HYPERVELOCITY AERODYNAMICS 1765

.15

60 50 40 30 20 10
P (degrees)

(b) \ — ExP ts-

A,
x

.10

.05

I I

Constant
temp.

?\^^t

P = 40*
i i

i i

» >
__/ Fully

dissoc.
i i

10 20 30 40 50
Hs (MJ./kg.)

60

Fig. 6 Thermodynamic decoupling—shock standoff on flat delta wing
(Hs = stagnation enthalpy, leading-edge sweep = 75 deg),

and is consistent with the experiments at 20MJ.kg~1 and
BOMJ.kg"1. At higher enthalpies corresponding to superor-
bital flight speeds, the gas in the shock layer approaches
complete dissociation, and temperatures may be expected to
exceed the reference value. This is evident in the experimental
shock standoff at 38MJ.kg~1, where constant-temperature
calculations indicate that 90% of the air molecules are dissoci-
ated. Constant-temperature calculations also indicate com-
plete dissociation at 45MJ.kg~1, and it can be seen that a
calculation based on the assumption of complete dissociation
tended toward the experiments at the highest stagnation
enthalpy tested.

Flow with Pressure Gradient—Curved Shock
The approximations developed up to this point have been

based on the assumption that the last term in Eq. (6),
involving the pressure gradient, can be neglected; i.e.,

Using Eq. (5), differentiating Eq. (10), and neglecting terms of
(9(T) compared with unity, the inequality becomes

|47T >\P~ —' Lr i v

implying that a pressure change |A/?| over a length corre-
sponding to ^ must be such that

(14)

if the pressure gradient is to be negligible.
For the convex curved bow shock that normally is associ-

ated with hypervelocity flight, the proportional pressure drop
along a streamline is of order unity over the body length, and
so the condition of Eq. (14) is not satisfied. However, it then
is possible to proceed with another approximation.

Referring again to Eq. (6), it can be seen that for the
negative pressure gradient that characterizes the flow after a
convex shock, the pressure gradient term on the right-hand
side of the equation cooperates with the dissociation term to
reduce the temperature. However, the strong exponential
factor in the dissociation term ensures that this term is

dominant close to the shock. As shown in Fig. 3b, the
magnitude of the dissociation term falls rapidly in passing
downstream until the contribution of the pressure-gradient
term becomes significant. Further cooling then reduces the
magnitude of the dissociation term even more and it, in its
turn, becomes insignificant. Thus, dissociation effectively
ceases, the reaction is "quenched," and the quenched gas
exhibits perfect-gas behavior as it passes downstream.

The change from dissociation dominance to a quenched
reaction occurs within a small distance along the streamline.
This follows from noting that when the pressure gradient
becomes significant, Eqs. (5) and (6) imply that

indicating that only small proportional changes in p are
needed to bring about the strong reductions in exp( — T~l)
that quench the reaction. Since the proportional pressure
gradient has been taken to be of order unity, this implies that
the quenching occurs within a small distance along the
streamline, i.e., it is "sudden," Moreover, since the propor-
tional pressure gradient is not small, quenching must occur
where the proportional temperature gradients are not small
and, by the previous discussion of Fig. 3a this can only be
close to the shock.

An approximate estimate of the quenching temperature can
be obtained by equating the last two terms in Eq. (6) which,
when Eqs. (2) and (3) are used and a and terms of 0(T) are
neglected in comparison with unity, yields

Then, remembering that for strong shocks, streamlines tend to
follow the shock, and that the pressure is given by the
Newtonian formula, it can be deduced that

(15)

where a and terms of @(T) are again neglected.
Hornung7 has performed a more rigorous analysis of the

quenching effect and finds that

where

+ a)T-"pCR

+ 470) + 0(<r2)} (16)

cos^)"1}

Now, since C is a large constant,1 it is the dominant term in
both Eqs. (15) and (16), and for a strong bow shock without
order-of-magnitude variations in the shock radius of curva-
ture, TQ is approximately constant. Thus, the constant-density
ratio strong shock generated in a perfect gas is replaced by a
constant- temperature ratio one in a nonequilibrium gas.

Hornung7 has presented experimental measurements that
support the concept of a constant- temperature shock. How-
ever, a second aspect of interest is that the quenched gas is
expected to expand as a perfect gas as it passes along stream-
lines, affecting conditions downstream. This is illustrated in
Fig. 7, where the results of numerical calculations supplied by
Macrossan are presented. These were made by the equilibrium
flux method8 for ideal dissociating gas flow of nitrogen over a
1 5 deg wedge with a cylindrically blunt nose. As for the
higher-density experimental case in Ref. 8, the calculations
showed that the dissociation fraction remained approximately
constant along any streamline.

As shown in the pressure profile and the pressure contours
in Fig. 7a, pressure ratios are approaching the wedge asymp-
totic value of 50 at the trailing edge. Thus, the profiles of Fig.
7b represent a nearly asymptotic downstream state. They are
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(a) Pressure distribution

6,9 km.s:1

(a) Surface adjustment

40 60

(b) Trailing edge profiles

........... quenched
—— "equil."
—— perfect gas ( 7 = 1.4)
—— numerical

Fig. 7 Reaction quenching in nitrogen—effect on afterbody flow
(Poo = 10~4 kg m-3, aoo = 0, T^ = 252 K, rn = 0.1 m).

not carried to the surface because the surface streamline
passes through an equilibrium region at the stagnation point.
In order to indicate the extent of the departure from equi-
librium, pseudoequilibrium values of a and T have been
obtained by allowing a gas sample to relax to equilibrium
without altering its internal energy or density. When these are
compared with the calculated profiles, it can be seen that the
gas is considerably removed from equilibrium, particularly on
the streamlines close to the surface, which have passed
through the strongest part of the bow shock. The downstream
effect of quenching on fluid dynamic variables is shown in the
profiles of a, T, and p. The quenched profiles, which are
obtained by using Eq. (16) to yield the quench temperature
and then expanding as a perfect gas along streamlines down-
stream of the shock, are seen to agree satisfactorily with the
numerical results. For comparison, pseudoequilibrium and
perfect-gas profiles of density for the same shock shape and
the trailing-edge pressure profile also are shown and are seen
to differ substantially from the numerical results. For interest,
velocity profiles also are displayed, and they show the increase
in vorticity toward the surface that is associated with the
dissociation.

Second-Order Effects—Center of Pressure
By contrast with quenched flows, where the pressure gradi-

ent drastically affects the reaction processes, flows also exist in
which small pressure changes produce significant effects with-
out modifying the reactions. This is true of flat plates or delta
wings at incidence, where reaction-induced pressure changes
may be sufficiently small to produce a constant-pressure flow
within the meaning of the inequality of Eq. (14) but neverthe-
less may be large enough to significantly influence the position
of the center of pressure. Both cases are considered here,
beginning with the simpler, two-dimensional flow represented
by an inclined flat plate or wedge.

Wedge Flow
As explained in Refs. 9 and 10, the reacting flow over a

wedge may be described by first considering the flow down-

Plane shock
Ib) Surface flow

Plane surface

.02
Ap

.01

0 X6.64
— 4.98

5 x (mm.) 10

Fig. 8 Flow over wedge in air (leading-edge shock angle $ = 40 deg,
T^ = 273 K, P^ = 0.01 atm, a.. = 0).

stream of a plane oblique shock, as in Fig. 8a. Noting that

Pao/Po ~ Pao/P = £^(

it can readily be shown that the pressure rise at the curved
surface that supports this shock is given by

?n = Poo"?o COS2(/> SQ}( 1 + CO) (17)

whereas the surface curvature is given in terms of the change
in surface angle of incidence with respect to the leading edge
angle as

+ co)-1 (18)

where f$L — /? has been written in place of the tangent of that
angle, and a> represents values on the surface.

Then, the body surface can be converted to the plane
surface associated with a wedge by applying a change in
incidence equal and opposite to that specified by Eq. (18). As
shown in Fig. 8 (ii), this produces an expansion originating at
the surface, which leads to a curved shock wave and a change
in the surface pressure.

Taking a point at a distance x from the leading edge, the
expansion propagates along a local Mach line to the shock,
where it will reflect with some attenuation and propagate back
towards the surface, where it reflects again, and so on. If sm is
a mean value of the inverse shock-density ratio for the shock
layer, then putting /i « sin/* ^tanji, it can be readily shown
that \i = ^/ysm cot(/>, where y is the frozen ratio of specific
heats in the shock layer. Remembering that the distance
between the shock wave and the surface at x can be approxi-
mated as smx cot</>, it follows that AJC, the downstream dis-
tance over which one reflection cycle takes place, is given by

Ax = (19)
Following Ref. 6, an approximation for the variation of

density along a streamline is introduced by writing

(20)
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where K is a constant. For CD <^ 1, expanding fn(\ + co) as a
Taylor series allows this expression to lead to the approxima-
tion

a) = -Ktn(aflx) (21)

for the surface streamlines, where af is the distance down-
stream of the shock for which reactions remain frozen.

For dissociating air, K is a small number, of the order of
0.1, implying that an increase in x by, for example, a factor of
two leads to only a relatively small change in co. Referring to
Eq. (19), it can be seen that for a vanishingly small em, many
wave reflections will take place over the streamwise distance
required for this small change, allowing the tangent wedge
formula to be used in estimating the change in surface pres-
sure due to surface adjustment. In practice, £m is small enough
to allow only a couple of reflections, but a few numerical
examples serve to indicate that this is enough to reduce the
error in the tangent wedge formula to less than 10%, which is
an adequate approximation. Neglecting terms of order e in
comparison with unity, the tangent wedge formula may be
written as

A/7, ̂ -p^sh^G^-^)

or, substituting from Eq. (18), as

A/?, = -Ip^u2^ cos2^ eco/(l + CD) (22)

Combining this with Eq. (17), the resultant pressure change
due to reactions at the surface of the wedge becomes

A/> = - s20 £co/(l + co) (23)

In Fig. 8b, this is compared with the results of calcula-
tions made by the method of characteristics.11 Figure 8b (i)
shows density distributions after the plane shock12 of Fig. 8a
(i), and it is seen that the relation of Eq. (21) yields a good
approximation for the higher velocity but is less satisfactory
for the lower velocity at small values of x. This is because the
reaction develops more slowly in that case, and the transition
from zero reaction to Eq. (21) requires a larger distance. The
influence of this effect is seen in Fig. 8b (ii), where the
pressure distributions corresponding to the plane surface is
Fig. 8a (ii) are displayed. It can be seen that the approximate
surface pressure, calculated according to Eq. (23), agrees
more closely with exact surface pressures for the higher than
for the lower velocity. But in both cases, Eq. (23) is suffi-
ciently accurate to use in calculating the center-of-pressure
shift.

In the absence of reactions, the center of pressure is located
at the midchord point. Thus, the forward shift due to reac-
tions can be estimated by writing down the clockwise, "nose-
up" pitching moment about midchord due to A/?. Then,
substituting from Eq. (23), neglecting co in the denominator of
A/?, integrating, and dividing by the Newtonian normal force
Poo"2*/ cos2(/>, it is found that

Acp = eKL/4 (24)

It might be noted that this simple relation comes about
because it has been possible to use the tangent wedge approx-
imation to relate pressure changes to corrections to the reac-
tion-induced surface slope, and this is only possible because
the reaction-induced surface slope changes most rapidly near
the leading edge, i.e., close to the shock wave. Thus, this can
be seen as another manifestation of the mechanism that
allows the constant temperature approximation and is dis-
cussed in the paragraphs following Eq. (9).

Delta Wings
For a zero-yaw delta wing of sufficiently high aspect ratio at

a sufficiently low angle of incidence, the leading edge is
supersonic and the spanwise velocity component on the wing
surface is small. The strip theory approximation13 then allows
the flow in any streamwise plane to be treated as two-dimen-
sional and independent of the flow in other streamwise planes.
Under such conditions, the analysis developed for wedge flow
can be applied to the delta wing, and this leads to a center-of-
pressure shift given by

A = (25)

However, at low to medium aspect ratios and sufficiently
high angles of incidence, the leading edge is subsonic and,
except at the vertex, the shock wave detaches from the leading
edge. Also, spanwise velocity components become too large to
be neglected in an analysis of the shock-layer flow. It has been
found that not only are such flows conical in nature when the
density is constant in the shock layer14 but also that the
essential conical character is retained for nonequilibrium re-
acting flow within the shock layer6 provided that the density
variation of Eq. (20) can be used. Of course, the flow is not
strictly conical in the latter case, because the average density
in the shock layer increases with distance downstream, but it
can be accommodated within the framework of a conical
analysis by taking a strictly conical shock wave and allowing
the surface of the wing to develop curvature, or camber, in the
streamwise direction,6'15 This is shown in Fig. 9a.

The coordinate system for this conical flow analysis is
derived from the Cartesian coordinates x*, y*, and z* shown
in Fig. 9a,14 where x* and z* are streamwise and spanwise
coordinates, respectively, in a reference plane located close to
the wing surface and y* is the coordinate directed away from
the wing. Corresponding velocity components are w*, w*, and
v*. The transformations

x = x*/£9 y = y*/(x*s cot^)

z = z*/x*e1/2cot\l/)

u = (w*/Woo — sin \l/)/(e cosi/f coti/f)

w = w*/(w00e1/2 cosi/0

P = (P* -/>D/fcPoowi cosV) - 1/fi

p = Poo(l+co)/£ ^ (26)

are used,6 where p* and /?*> now are employed to represent
the shock layer and freestream pressures, respectively. In
addition, an independent conical variable r\ is introduced to
identify all streamlines that originate at the shock wave on a
given ray through the wing apex. Thus, y becomes a depen-
dent variable, denoting the distance of these streamlines from
the reference plane. As indicated in Fig. 9b, the value of v\ is
chosen as the value of z on the given ray at the shock wave.

In Ref. 6, these transformations have been used in an
analysis to obtain changes in crossflow patterns and shock
position that arise from the nonequilibrium reactions. Using
Eqs. (12) and (8c) of Ref. 6 and assuming that co ̂  1, it can
be shown that the change in y due to reactions is given by

> = -(ys - y,) AX*) -

where

(27)

(28)

where a} = Gf/x*, and ys —yf, which is a function only of y
and z, can be obtained from Eq. (12) of Ref. 6 by setting the
exponential term in that equation equal to unity. The second
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change of — Aybn in ys can be written as

Shock

Conical shock

(a) Flow configuration

Conical body

(b) Crossflow plane
— integration path

for pressure

(c) Crossflow
velocity factor

Fig. 9 Delta-wing flow.

term on the right-hand side of Eq. (27) contributes only
conical terms to Ay, and hence the nonconical "x" depen-
dence is contained in the first term. Since the wing is flat in
constant-density flow, the camber of the wing is determined
only by this first term, therefore, it can be expressed in terms
of the change of the "j" coordinate of the surface as

(ys-yt)b (29)

where it has been assumed that reactions are sufficiently
developed within the shock layer to put a} <£ 1 and a term of
the order of G} has been neglected. Because co <^ 1, it follows
that Ay(x), Ay,z), and Aybn are <^yt.

In order to obtain the pressure at the surface, it is first
noted that, by following the derivation of Eq. (4.5) in Ref. 15
with the effects of variable density included, the momentum
balance in the "j>" direction may be expressed as a differential
equation for the pressure. Thus,

A compatibility relation, Eq. (4.7) of Ref. 15, can be used to
eliminate v in this equation, and then, remembering that co, K,
and Of are all <^ 1, and neglecting all terms that involve the
product of two small quantities in comparison with those
involving only one small quantity, it is found that the noncon-
ical part of the reaction-induced pressure change is given by

(31)

where r\b is the value of rj at the surface.
As for the case of the wedge, the camber of the wing now

can be eliminated by applying a displacement to the surface
and the shock that is opposite to that given in Eq. (29). As
noted in Ref. 6, this does not change the flow between the
shock and the surface, and so the pressure at the surface is
affected only through the change in pressure at the shock
wave. This pressure is given by Eq. (4.9) of Ref. 15, and using
this, it can be shown that the change in P0 as a result of a

'*• dx

Substituting from Eq. (29) and neglecting a conical term that
arises, this becomes

A/?, = 2 } )(ys - yt)b (32)

Adding Eqs. (31) and (32) and substituting for (ys —yt)b by
using Eq. (12) of Ref. 6 then yields the part of the reaction-in-
duced change in pressure distribution that will cause a shift in
the center of pressure on an uncambered conical wing.

As an example, wings which w(rj) = a\ r\ are considered,
where ̂  is a constant. This simple relation provides a reason-
able approximation to the shock shape when there is a strong
spanwise component to the shock-layer flow, such as occurs
for low aspect ratio wings or for wings with a convex cross
section,6'16 as for "diamond" ones. When it is substituted into
Eqs. (31) and (32) and the integrations are completed by
noting from Eq. (10) of Ref. 6 that a^ = z, it is found that
the two contributions to the pressure at the surface are

where

Bl = a(ai -

and

where

l - 3a2

Ap, =

(33)

B2 = (34)

Now, the conical components of the distribution of pres-
sure at the wing surface lead to a center of pressure that is
distance 2//3 from the vortex. Taking the nose-up pitching
moment of the nonconical component of pressure about the
conical center of pressure and using the transformation of Eq.
(26), the pitching moment can be written as

AM = -2S3s3/2p00u2
ao cos2iA

(35)

where zf is the semi width of the wing at x* and Q = z*/
(**£1/2coti/0. Dividing Eq. (35) by p^u2^ cosV, the Newto-
nian pressure, and the planform area of the wing then yields
the forward shift in the center of pressure as

where

= Bl-B2

(36)

(37)

In Fig. 9c, B is plotted against av. At relatively low values of
0 l 9 Eq. (36) predicts a forward center-of-pressure shift that is
about half that obtained on a wedge [Eq. (24)]. As al is
increased, corresponding to an increase in the spanwise flow
component, AC/J is reduced. Thus, very slender wings with a
cross section convex in the windward direction will experience
less centre-of-pressure shift than a flat, only moderately slen-
der wing or a caret wing. Also, provided that K does not
change, an increase in the angle of incidence of a given wing
will reduce the center-of-pressure shift.

The magnitude of the center-of-pressure shift predicted by
Eq. (36) is small, but not insignificant. For example, for a
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wing with a 70-deg leading-edge sweep at a flight velocity of
7 km/s and an incidence of <j> — 50 deg, appropriate values of
£ and K are 0.16 and 0.1412 with a\ =0.5,6 and this yields a
forward shift in the center of pressure of 0.25% of the
centerline chord length. It is interesting that the forward shift
of the center of pressure experienced by the Shuttle Orbiter on
its first flight was approximately 0.75% of the chord length of
the vehicle. This indicates that, although the nonequilibrium
phenomenon investigated here cannot account for all of the
center-of-pressure shift that occurred, it can make a signifi-
cant contribution.

Conclusion
In an analysis of the hypersonic flow of a Lighthill-Freeman

ideal dissociating gas, the small magnitude of the reduced
temperature has been exploited to emphasize the dominance
of the exponential term in the expression for the forward
reaction rate. This has made it possible to develop approxi-
mate concepts that identify the dominant nonequilibrium
effects for some significant flow configurations.

For nearly constant-pressure flow, a constant-temperature
approximation may be used in which the temperature is taken
as constant at a value determined by £ over most of the
nonequilibrium region. This approximation is seen to be
effective in predicting the shock standoff on a sphere.

It follows from this constant-temperature approximation
that all blunt body flows are essentially constant-density ones,
whether they be perfect-gas, nonequilibrium, or equilibrium
flows. This is illustrated by using perfect-gas results with
argon to predict the nonequilibrium shock detachment dis-
tance on a wedge in nitrogen.

Again, in a nearly constant-pressure shock layer, the ther-
modynamic decoupling of the temperature from the stream-
line enthalpy allows the temperature to be independent of
flight speed and incidence. This is seen to satisfactorily predict
the variation of shock standoff with incidence on a delta wing
in air. It also is consistent with the variation of shock standoff
with stagnation enthalpy, and thus flight speed, provided that
the air in the shock layer does not approach complete dissoci-
ation.

For a curved bow shock, the downstream pressure gradient
causes a reaction-quenching effect leading to a constant-tem-
pefature-ratio shock wave, followed downstream by perfect-
gas behavior along streamlines. This is confirmed by a
numerical simulation of the flow over a blunt wedge.

A second-order theory for nearly constant-pressure flows,
which uses the mechanism underlying the constant-tempera-
ture approximation, is put forward and is seen to predict
satisfactorily the pressure changes caused by reactions on a
wedge. The theory is extended to predict the reaction-induced
center-of-pressure shift on delta wings. It is found that this is
sufficient to make a significant contribution to the center-of-

pressure shift experienced on the Space Shuttle Orbiter during
its first re-entry.

These approximations are based upon an analysis for an
ideal dissociating gas. A similar, if more complicated, analysis
could be conducted for air and would be expected to lead to
similar approximations.
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